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Set up

Let F be a number field with algebraic closure F al. Let X be a nice
(smooth, projective, geometrically integral) curve over F of genus g
given by equations. Let J be its Jacobian.

By compute the geometric endomorphism ring of J, we mean to
compute:

I a finite Galois extension K ⊇ F with End(JK ) = End(JF al),
I a Z-basis for End(JK ),
I the multiplication table and the action of Gal(K/F ) on this

basis.

This computational problem has many applications!



Computing endomorphism: in theory

Lombardo has shown that there is a day-and-night algorithm to
compute the geometric endomorphism ring of J. Briefly:

1. By a theorem of Silverberg, End(JF al) is defined over
K = F (J[3]).

2. By day, we compute a lower bound by searching for
endomorphisms by naively trying all maps J 99K J.

3. By night, we compute an upper bound by creeping up on the
isomorphism

End(JK )⊗ Z` ' EndGal(F al|K) T`(JK ).

Eventually, the lower and upper bounds will meet.



Computing endomorphism: in practice
In practice, we compute the numerical endomorphism ring. These
methods have been exhibited in genus g = 2 by van Wamelen
(CM) and Kumar–Mukamel (RM) (in Magma).

1. Embed F ↪→ C, and compute a period matrix Π for J to some
precision, with period lattice Λ.

2. Use LLL to determine a basis of the Z-module of matrices
R ∈ M2g (Z) such that ΛR ⊆ Λ.

3. Determine the matrices M in the equality MΠ = ΠR to obtain
the representation of End(JC) on the tangent space at 0, and
recognize these using LLL as matrices M ∈ Mg (K ).

4. By exact computation, certify the endomorphisms in the
previous step.

5. Recover the Galois action Gal(K | F ) by the action on the
matrices M.

This provides a better “lower bound” (by day).



Divisors, correspondences, and Cantor

An endomorphism α ∈ End(JK ) can be represented using the
equations for X in one of the following (computationally)
equivalent ways:

I The graph of α is a divisor D ⊂ X × X ;
I A correspondence X ← Z → X ;
I Assuming X is presented as a (possibly singular) plane curve

f (x , y) = 0, by Cantor equations

xg + a1xg−1 + ...+ ag = 0

b1xg−1 + ...+ bg = y

with ai , bj ∈ K (X ) rational functions.



Computing divisorial correspondences

In the approach of van Wamelen and Kumar–Mukamel, the
endomorphism is computed and verified by interpolation. Let
P0 ∈ X (K ).

Let α be a putative endomorphism of J, with matrix M ∈ Mg (C).
Then we have a composite rational map

αX : X AJ // J α // J Mum // Symg (X )

where αX (P) = {Q1, . . . ,Qg} if

α([P − P0]) = [Q1 + · · ·+ Qg − gP0].

The tricky part is the map Mum, which involves numerically
inverting the Abel–Jacobi map AJ.



Robust Mumford map

We are given b ∈ Cg/Λ, and we want to compute

Mum(b) = {Q1, . . . ,Qg}

where ( g∑
i=1

∫ Qi

P0

ωi

)
i=1,...,g

≡ b (mod Λ).

This doesn’t converge well! It converges better if we replace
∫ Qi
P0

with
∫ Qi
Pi

with Pi distinct and b is close to 0 modulo Λ.

In general, to obtain the latter, compute with b′ = b/2m with
m ∈ Z>0 to find Mum(b′) = {Q ′1, . . . ,Q ′g}. Methods of
Khuri–Makdisi allow us to (numerically) multiply back by 2m to
recover {Q1, . . . ,Qg}.



Dispense with numerical interpolation

But maybe we are still allergic to numerical computation and want
to reduce our symptoms.

We now describe a Turing machine that:

I takes as input a putative endomorphism represented by its
tangent representation M ∈ Mg (K ) and

I if it terminates, certifies that M ∈ End(JK ) is an
endomorphism.



Puiseux lift
Suppose that P0 is a non-Weierstrass point. We compute

α([P̃0 − P0]) = [Q̃1 + · · ·+ Q̃g − gP0]

where P̃0 ∈ X (K [[x ]]) is the formal expansion of P0 with respect to
a suitable uniformizer x at P0. The points Q̃i are then defined over
the ring of (integral) Puiseux series F al[[x1/∞]].

For j = 1, . . . , g , let

xj = x(Q̃j) ∈ F al[[x1/∞]].

The required action by α on a basis ωi of differentials implies:
g∑

j=1

x∗j (ωi ) = α∗(ωi ), for all i = 1, . . . , g .

This is a differential equation for (xj)j of the form Wx ′ = Mω
which can be solved iteratively.

We reconstruct by linear algebra the endomorphism as before.



Puiseux lift: curve

Consider the curve

X : y2 = 24x5 + 36x4 − 4x3 − 12x2 + 1.

(Click if time permits...)

X has numerical quaternionic multiplication (QM): more precisely,
the numerical endomorphism ring is an order of reduced
discriminant 36 in a quaternion algebra over Q with discriminant 6.

http://www.lmfdb.org/Genus2Curve/Q/20736/l/373248/1


Puiseux lift: system

X : y2 = 24x5 + 36x4 − 4x3 − 12x2 + 1 = f (x).

Let’s verify the putative endomorphism α with tangent

representation M =

(
−
√
−3
√
−3

2
√
−3
√
−3

)
in the basis

ω1 =
dx
y
, ω2 = x

dx
y
. We have α2 = −9.

We take P0 = (0, 1). Then

P̃0 = (x ,
√

f (x)) = (x , 1− 6x2 − 2x3 − 2x6 + . . .).

Our differential system is (x ′i = dxi/dx)(
1 1
x1 x2

)(
x ′1/y1
x ′2/y2

)
= M

(
1/y
x/y

)
where xi = x(Q̃i ) and yi = y(Q̃i ) =

√
f (xi ) = 1 + . . .



Puiseux lift: solution

X : y2 = 24x5 + 36x4 − 4x3 − 12x2 + 1 = f (x).(
1 1
x1 x2

)(
x ′1/y1
x ′2/y2

)
=

(
−
√
−3
√
−3

2
√
−3
√
−3

)(
1/y
x/y

)

Computing the lowest degree terms on both sides, we start with the
expansions

xi = ci1x1/2 + . . .

and see they must satisfy

1
2

(
c11 + c21
c2
11 + c2

21

)
=

(
0

2
√
−3

)
which has a unique solution c11, c21 = ± 4

√
−12 up to permutation.

Having the determined the expansions to some precision, at each
step of the lift we have a Vandermonde linear system which can be
solved iteratively. (Hensel lifting works even better.)



Puiseux lift: certificate
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Conclusion

I A hybrid approach using Taylor expansions also works well: we
compute Mum(P) = {Q1, . . . ,Qg} once and then lift over a
power series ring.

I We obtain further speedups by working over finite fields and
reconstructing using the Chinese remainder (Sun Tsu) theorem.

I The method works just as well for isogenies.
I We have verified the endomorphism data in the L-functions

and modular form database (LMFDB), containing 66 158
curves of genus 2.

In conclusion, we have exhibited:

1. A more robust numerical approach to inverting the
Abel–Jacobi map;

2. An exact method to certify an endomorphism given its tangent
representation.


